The design of modulation schemes for the physical layer network-coded two way relaying scenario is considered with the protocol which employs two phases: Multiple access (MA) Phase and Broadcast (BC) phase. It was observed by Koike-Akino et al. that adaptively changing the network coding map used at the relay according to the channel conditions greatly reduces the impact of multiple access interference which occurs at the relay during the MA phase. In other words, the set of all possible channel realizations (the complex plane) is quantized into a finite number of regions, with a specific network coding map giving the best performance in a particular region. We obtain such a quantization analytically for the case when M -PSK (for M any power of 2) is the signal set used during the MA phase. We show that the complex plane can be classified into two regions: a region in which any network coding map which satisfies the so called exclusive law gives the same best performance and a region in which the choice of the network coding map affects the performance, which is further quantized based on the choice of the network coding map which optimizes the performance. The quantization thus obtained analytically, leads to the same as the one obtained using computer search for 4-PSK signal set by Koike-Akino et al., for the specific value of M = 4.
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I. PRELIMINARIES AND BACKGROUND
We consider the two-way wireless relaying scenario shown in Fig. 1 , where bi-directional data transfer takes place between the nodes A and B with the help of the relay R. It is assumed that all the three nodes operate in half-duplex mode, i.e., they cannot transmit and receive simultaneously in the same frequency band. The relaying protocol consists of the following two phases: the multiple access (MA) phase, during which A and B simultaneously transmit to R and the broadcast (BC) phase during which R transmits to A and B. Network coding is employed at R in such a way that A (B) can decode the message of B (A), given that A (B) knows its own message.
A. Background
The concept of physical layer network coding has attracted a lot of attention in recent times. The idea of physical layer network coding for the two way relay channel was first introduced in [1] , where the multiple access interference occurring at the relay was exploited so that the communication between the end nodes can be done using a two stage protocol. Information theoretic studies for the physical layer network coding scenario were reported in [2] , [3] . The design principles governing the choice of modulation schemes to be used at the nodes for uncoded transmission were studied in [4] . An extension for the case when the nodes use convolutional codes was done in [5] . A multi-level coding scheme for the two-way relaying scenario was proposed in [6] .
It was observed in [4] that for uncoded transmission, the network coding map used at the relay needs to be changed adaptively according to the channel fade coefficient, in order to minimize the impact of the multiple access interference. In other words, the set of all possible channel realizations is quantized into a finite number of regions, with a specific network coding map giving the best performance in a particular region. In [4] , a quantization was obtained using computer search for 4-PSK signal set. In this paper, we obtain such a quantization analytically for any M -PSK signal set (for M any power of 2). Multiple Access (MA) Phase: Let S denote the M -PSK constellation used at A and B, where M is of the form 2 λ , λ being a positive integer. Assume that A (B) wants to transmit a λ-bit binary tuple to B (A). Let µ : F 2 λ → S denote the mapping from bits to complex symbols used at A and B. Let
B. Signal Model
denote the complex symbols transmitted by A and B respectively, where s A , s B ∈ F 2 λ . The received signal at R is given by,
where H A and H B are the fading coefficients associated with the A-R and B-R links respectively. The additive noise Z R is assumed to be CN (0, σ 2 ), where CN (0, σ 2 ) denotes the circularly symmetric complex Gaussian random variable with variance σ 2 . We assume a block fading scenario, with the ratio H B /H A denoted as z = γe jθ , where γ ∈ R + and −π ≤ θ < π, is referred to as the fading state. Also, it is assumed that z is distributed according to a continuous probability distribution. Throughout the paper, all the distances are assumed to be normalized with respect to |H A |.
Let S R (γ, θ) denote the effective constellation at the relay during the MA Phase, i.e.,
Let d min (γe jθ ) denote the minimum distance between the points in the constellation S R (γ, θ), i.e.,
From (1), it is clear that there exists values of γe jθ for which d min (γe jθ ) = 0. Let H = {γe jθ ∈ C|d min (γ, θ) = 0}. The elements of H are said to be the singular fade states.
Definition 1: A fade state γe jθ is said to be a singular fade state, if the cardinality of the signal set S R (γ, θ) is less than
For example, consider the case when symmetric 4-PSK signal set used at the nodes A and B, i.e., S = {(±1±j)/ √ 2}. For γe jθ = (1 + j)/2, d min (γe jθ ) = 0, since,
Alternatively, when γe jθ = (1 + j)/2, the constellation S R (γ, θ) has only 12 (<16) points. Hence γe jθ = (1 + j)/2 is a singular fade state for the case when 4-PSK signal set is used at A and B.
Let
Broadcast (BC) Phase: Depending on the value of γe jθ , R chooses a map M γ,θ : S × S → S , where S is the signal set used by R during BC phase. The elements in S × S which are mapped on to the same complex number in S by the map M γ,θ are said to form a cluster. Let {L 1 , L 2 , ..., L l } denote the set of all such clusters. The formation of clusters is called clustering, denoted by C. Note the fact that the clustering C is a function of γe jθ is not explicitly written.
The received signals at A and B during the BC phase are respectively given by,
where 
Definition 2:
The cluster distance between a pair of clusters L i and L j is the minimum among all the distances calculated between the points
Definition 3: The minimum cluster distance of the clustering C is the minimum among all the cluster distances, i.e.,
The minimum cluster distance determines the performance during the MA phase of relaying. The performance during the BC phase is determined by the minimum distance of the signal set S . Throughout, we restrict ourselves to optimizing the performance during the MA phase. For values of γe jθ close to the singular fade states, the value of d min (γe jθ ) is greatly reduced, a phenomenon referred to as distance shortening. To avoid distance shortening, for each singular fade state, a clustering needs to be chosen such that the minimum cluster distance at the singular fade state is non-zero and is also maximized.
A clustering C is said to remove a singular fade state h ∈ H, [4] , [7] . In [4] , the clusterings were obtained using a computer search algorithm, whereas in [7] , it is obtained analytically using the mathematical structure called Latin Square.) Let
In this way, the set of all values of γe jθ (the complex plane) is quantized into a finite number of regions, with a clustering which removes a singular fade state used in a particular region. Such a partition was obtained in [4] when the nodes A and B use 4-PSK signal set. The procedure suggested in [4] to obtain the channel quantization, was using a computer search algorithm, which involved varying the fade coefficient values over the entire complex plane, i.e., 0 ≤ γ < ∞, 0 ≤ θ < 2π, in small discrete steps. In this paper, we obtain such a channel quantization analytically for any M -PSK signal set (for M any power of 2). Throughout, it is assumed that there exist clusterings which remove the singular fade states (such clusterings can be obtained from [4] , [7] ) and we focus only on the problem of obtaining a quantization of the complex plane analytically. It is assumed that the channel state information is not available at the transmitting nodes A and B during the MA phase. The clustering used by the relay is indicated to A and B by using overhead bits.
The contributions and organization of the paper are as follows:
• It is shown that the singular fade states lie on M 2 /4 − M/2 + 1 circles, with M singular fade states lying on each circle, when M -PSK signal set is used at A and B (Section II). • It is shown analytically that the γe jθ (complex) plane can be classified into two regions: a region called the singularity-free region containing no singular fade states in which any clustering satisfying the exclusive law gives the same minimum cluster distance and the other region called the singularity region in which the choice of the clustering impacts the minimum cluster distance. For the case when M -PSK signal set is used at A and B, the explicit boundaries of the singularity-free region are obtained (Section III). • A quantization of the singularity region for M -PSK signal set is obtained analytically, with each one of the partitioned regions containing one singular fade state (Section IV A and IV B). • As an example of the channel quantization obtained analytically, the channel quantization for the case when the nodes A and B use 4-PSK signal set is provided. The channel quantization obtained is shown to be the same as the one which was obtained in [4] using computer search. The proofs for Theorems, Lemmas and other claims are omitted due to lack of space but can be found in [8] , along with several additional illustrations for the 8-PSK case.
II. SINGULAR FADE STATES FOR M-PSK SIGNAL SET
Throughout the paper the points in the symmetric M -PSK signal set are assumed to be of the form e j(2k+1)π/M , 0 ≤ k ≤ M − 1 (for M any power of 2). Let ∆S denote the difference constellation of the M -PSK signal set S, i.e., ∆S =
For any M-PSK signal set, the set ∆S is of the form, From (1), it follows that the singular fade states are of the form, γse jθs = −x k,n /x k ,n , for some x k,n , x k ,n ∈ ∆S.
The following lemma gives the location of the singular fade states in the complex plane. The set of all values of the fade state (the region in the complex plane) for which any clustering satisfying the exclusive law gives the same minimum cluster distance is defined to be the singularity-free region. The region in the complex plane other than the singularity-free region is referred to as the singularity region.
Definition 5: The outer envelope region formed by a set of circles in the complex plane is defined to be the region exterior to the outer envelope formed by the circles.
For example, the outer envelope region formed by the six circles, is the shaded region shown in Fig. 4 . Fig. 4 . Diagram illustrating the outer envelope region formed by a set of circles Definition 6: The inner envelope region formed by a point and a set of circles and straight lines in the complex plane is defined to be the interior region formed by the boundaries which are closest to the point.
For example, the inner envelope region formed by the point, the six circles and the two straight lines, is the shaded region shown in Fig. 5 . The singularity-free region for M -PSK signal set is given by the following theorem.
Theorem 1: For M -PSK signal set, the singularity-free region is the union of the two regions given below.
1) Region I: The outer envelope region formed by the 2M unit circles with centers at cot(π/M )e jk2π/M and cosec(π/M )e j(2k+1)π/M , 0 ≤ k ≤ M − 1.
2) Region II:
• For M > 4, the inner envelope region formed by the origin and the following 2M circles : M circles with centers at sec(π/M ) tan(π/M )e j(2k+1)π/M , 0 ≤ k ≤ M − 1 with radius tan 2 (π/M ) and M circles with centers at 1/2 tan(2π/M )e jk2π/M , 0 ≤ k ≤ M − 1 with radius 1/2 tan(π/M ) tan(2π/M ). • For M = 4, the inner envelope region formed by the origin and the following four unit circles with centers at √ 2e j(2k+1)π/4 , 0 ≤ k ≤ 3 and the following four straight lines γe jθ = ±0.5, γe jθ = ±0.5j.
Recall from Section II that the singular fade states lie on circles centered at the origin. The centers of the 2M circles used to obtain Region I are nothing but the singular fade states which lie on the two outermost circles. Region II described in Theorem I is the region obtained by complex inversion (the transformation f (z) = 1/z) of Region I. In other words, if z ∈ C is a point in Region I, then 1/z ∈ C is a point in Region II.
Example 1: Consider the case when the nodes A and B use 4-PSK signal set. For this case the 8 unit circles centered at the singular fade states lying on the two outermost circles are shown in Fig. 6 . Region I described in Theorem I is shaded yellow in Fig. 6 . Region II described in Theorem I is shaded blue in Fig. 7 . Note that Region II can also be obtained by the complex inversion of Region I.
The union of the yellow and blue regions in Fig. 6 and Fig.  7 respectively, which is the singularity-free region, is shown in Fig. 8 . The white region in Fig. 8 is the singularity region. The example illustrating the singularity-free region for 8-PSK signal set is omitted for lack of space, but can be found in [8] . 
IV. QUANTIZATION OF THE SINGULARITY REGION AND EXAMPLES
Recall from Section II that the singular fade states are of the form −d k /d l , where d k , d l ∈ ∆S. Throughout this section, we denote a singular fade state by −d k /d l .
A. A criterion for channel quantization
Let D(γ, θ) denote the set of distances between the points in S R (γ, θ), i.e.,
The following lemma gives the criterion based on which the singularity region in the complex plane is quantized.
Lemma 2: If γe jθ is such that arg min (d k ,d l ) D(γ, θ) = (d k , d l ), then the clustering C {−d k /d l } maximizes the minimum cluster distance, among all the clusterings which belong to the set C. Hence, associated with each singular fade state, we have a region in the γe jθ (complex) plane in which the clustering which removes that singular fade state maximizes the minimum cluster distance. Let R {−d k /d l } denote the region associated with the singular fade state −d k /d l , i.e., In order to obtain the quantization of the singularity region, it is enough to consider the regions R {−d k /d l } associated with those singular fade states which lie on the lines θ = 0 and θ = π/M . The regions associated with the other singular fade states can be obtained by symmetry. In other words, without loss of generality we can assume that the singular fade state −d k /d l lies on the line θ = 0 or θ = π/M . Let N S denote the number of singular fade states. From (4), it can be seen that in order to obtain the boundaries of the region
In the following sequel, it is shown that in order to obtain the boundaries of the region R {−d k /d l } , we need not consider all the N S − 1 curves c(−d k /d l , −d k /d l ). Assuming that d k /d l lies on the line θ = a, a ∈ {0, π/M }, Lemma 4 given below states that it is enough to consider the pairwise transition boundaries c(−d k /d l , −d k /d l ) for which −d k /d l lies on the lines θ = a − π/M , θ = a and θ = a + π/M . Lemma 5 identifies those curves which need to be considered for the case when −d k /d l lies on the line θ = a and Lemma 6 for the case when −d k /d l lies on the lines θ = a − π/M and θ = a + π/M . Lemma 4: In order to obtain the boundaries for R {−d k /d l } , where the singular fade state −d k /d l lies on the line θ = a, a ∈ {0, π/M }, it is enough to consider the curves , which is the unit circle centered at the origin (x denotes the complex conjugate of x) and those curves for which |d k /d l | ≥ 1. If there is no singular fade state −d k /d l on the line θ = a which satisfies |d k /d l | > |d k /d l |, in addition consider the unit circle centered at −d k /d l . For 4-PSK signal set, to obtain the region R { √ 2e jπ/4 } , from Lemma 5, we need to consider the unit circle centered at the origin (shown by the red circle in Fig. 9 ). Since the singular fade state √ 2e jπ/4 falls on the outermost circle, from Lemma 5, in addition, we need to consider the unit circle centered at √ 2e jπ/4 (shown by the blue circle in Fig. 9 ). Lemma 6: In order to obtain the region R {−d k /d l } , where −d k /d l lies on the line θ = a, a ∈ {0, π/M } and |d k /d l | > 1, among all the curves c(−d k /d l , −d k /d l ), where −d k /d l lies on the line θ = a , a ∈ {a − π/M, a + π/M }, it is enough to consider the curves for which |d k /d l | ≥ 1. For example, to obtain the region R { √ 2e jπ/4 } , from Lemma 6, it is enough to consider the curves c( √ 2e jπ/4 , 1) and c( √ 2e jπ/4 , e j2π/4 ) (shown by brown straight lines in Fig. 9 ). Theorem 2: The region R {−d k /d l } , where the singular fade state −d k /d l lies on the line θ = a, is the inner envelope region formed by the singular fade state −d k /d l and the curves given in Lemma 5, Lemma 6, and the straight lines θ = a − π/M and θ = a + π/M . For example, the region R { √ 2e jπ/4 } is obtained by finding the inner envelope region formed by the singular fade state √ 2e jπ/4 and the curves shown in Fig. 9 . Note that the lines θ = 0 and θ = 2π/4 are the green straight lines shown in Fig. 9 . The obtained region R { √ 2e jπ/4 } is the shaded region shown in Fig. 9 . The regions associated with the singular fade states other than √ 2e jπ/4 on the circle with radius √ 2 can be obtained by symmetry and are shown in Fig. 11 . For the 4-PSK case, the regions associated with those singular fade states which lie on the circle with radius 1/ √ 2 can be obtained by complex inversion of the regions associated with those singular fade states which lie on the circle with The curves in Fig. 9 , after complex inversion, become the curves shown in Fig. 10 . Taking the inner envelope region of the point 0.7071e −jπ/4 and the curves in Fig. 10 , we get the region R {0.7071e −jπ/4 } (the shaded region shown in Fig. 10 ). The regions associated with the other singular fade states which lie on the circle with radius 0.7071 obtained by symmetry are shown in Fig. 11 . Fig. 11 also shows singularity-free region (the regions shaded yellow and blue) which were obtained in Section III. The remaining portion of the singularity region (left unshaded in Fig. 11 ) are the regions associated with the singular fade states which lie on the unit circle. Putting all the pieces together, the channel quantization for 4-PSK signal set is as shown in Fig. 12 . The channel quantization for 4-PSK signal set shown in Fig. 12 is same as the one obtained by computer search in Fig. 10 in [4] . For illustrations with 8-PSK signal set, see [8] . 
